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We construct Baxter operators as generalized transfer matrices being traces of products of generic 
R matrices. The latter are shown to factorize into simpler operators allowing for explicit expressions 
in terms of functions of a Weyl pair of basic operators. These explicit expressions are the basis for 
explicit expression for Baxter Q-operators and for investigating their properties. 



Qh! 1 Introduction 



We consider a periodic chain with integrable dynamics carrying generic representations li of the 
q-deformed sl(2) algebra on their sites, i = 1, N. The considered infinite-dimensional represen- 
tations of lowest weight type are realized in the space of polynomials. 

Chains with infinite-dimensional representations on their sites play a role in the investigation 
of gauge field theories, in the high energy limit of scattering E] and in the renormalization 
of composite operators 3 . In these applications the polynomials can appear as wave functions, 
where the variable is Fourier conjugated to the parton light-cone momentum or as the expression 
of the particular structure of multiplicatively renormalized composite operators where the variable 
is the light-cone position of the field operators. Motivated by these applications the methods of 
integrable chains have been reformulated and developed in a number of papers. 

The conserved charges of the integrable chain can be obtained by expansion of the transfer 
matrix t(u) or equally well of a operator Q(u,£q) being the natural generalization of the transfer 
matrix, t(u + i) = Q(u,£o — —\), and obeying a Baxter relation with the transfer matrix (to be 
formulated below). 

The concept of Q-operator was introduced by Baxter in analyzing the eight-vertex model 4 . 
Using the universal i?-matrix for the U q (sl2) affine algebra the Q-operator for quantum KdV 
model was constructed in [5]. The general algebraic scheme how to derive the algebraic relations 
between different objects of the Quantum Inverse Scattering Method was formulated in the paper 
of A.Antonov and B.Feigin jj. The Baxter Q-operators have been constructed for different models 
in the papers |3 [HI El CHI dH [T2I I2DI EH 123 The Q operators for spin \ XXZ chains have been 
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3 e-mail:Roland. Kirschner@itp.uni-lcipzig.dc 
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studied in |2.'{| emphasizing the loop algebra representation theory and the case of q being a root 
of unity. Chains with q-deformed principal series representations of SL(2,M) are studied in |24) . 

The idea of constructing Q-operators as generalized transfer matrices from i?-operators acting 
in general representations is due to Sklyanin |131 114) and the first explicit construction with this 
idea appeared in |15|. 

A factorization of the R matrix, acting on the tensor product of generic representations of the 
algebra s£(2), has been established in [25] by considering the action of R in the RLL relation as 
the interchanging of representation and spectral parameter in the Lax matrices and decomposing 
this action into two steps. The defining relation, simplified for the factors 1Z±, has been solved 
in terms of functions of the Hciscnbcrg operator pair x, d. Then this explicit operator solution 
allows the explicit construction of Baxter operators [55]. Probably the first example of such 
factorization of i?-matrix and Baxter's Q-operator has been obtained in the context of the chiral 
Potts model [T7| EH] . 

In the present paper the analogous factorization of the Yang-Baxter R matrix is performed in the 
g-deformed sl(2) symmetric (XXZ) case. The i?-operator for generic representations is represented 
in terms of functions of a Weyl pair of basic operators and Baxter operators are constructed. 

Previously in |27| the Yang-Baxter R matrix acting on generic representations of the g-deformed 
sl(2) has been represented in explicite spectral and integral forms. Similar to the classical papers 
by Jimbo |19) the defining RLL relation has been written equivalently in terms of the intertwining 
relation of the Drinfeld co-product type. This equivalent intertwining form of the defining relations 
will be the starting point of deriving the operator solutions for the factors 1Z± of the generic Yang- 
Baxter R matrix. 

Also in |27) polynomial eigenfunctions of the R matrix are given explicitly. A generalization of 
these functions build the integral kernel of R. The functions appearing in the operator solution 
obtained in the present paper are closely related to the polynomial eigenfunctions of R. With 
particular substitutions of their parameters these polynomials serve also as eigenfunctions of the 
factors 1Z± . 

Using the explicit operator results about R matrices and their factors 1Z± we construct gen- 
eralized transfer matrices and proof that they are Baxter operators, i.e. obey Baxter relations in 
products with the ordinary transfer matrix. We consider closed chains in general and then discuss 
specific features appearing in the important special case of homogeneous closed chains. 



2 The quantum algebra U q {sl2) and the general R-matrix 

The quantum algebra U q (s£2) has three generators S , S± with commutation relations 

[S,S±] =±S± , [S+,S_] = [2S], 

where 




is the standard definition of q-numbers. 

We shall use the representation V> of U q (s£2) in the infinite-dimensional space C[z] of polyno- 
mials in the variable z with the standard monomial basis {z } fe _ ancl lowest weight vector vq = 1. 
The action of generators in V> is given by the first-order differential operators: 

S = zd + £ , S_ = -- ■ [zd] q , S+=z-[zd + 2£] q (2.1) 

The Lax-operator has the form [SUES EH 

LM= {lu + S] q S_ \_([u + £ + zd] q -\-[zd] q \ 
H J "l S + [u-S) q J ~ { z-[2£ + zd] q [ u -£-zd] q J 
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The Lax operator acts in the space C[z] ® C and, despite the compact notation, L(m) depends 
actually on two parameters: spin I and spectral parameter u. We shall use the parametrization 
u + = u + i, U- = u — £ and display all parameters explicitly: 

[u+ + zd] q ^ S_ A 

z ■ [u + - w_ + zd] q [u- — zd] q J 

except for the generator S_ because S_ = — ~ • [zd] does not depend on parameters u+ and w_. 
There exists a very useful factorized representation for the L-operator |30] 

The defining system of equations for the IR-operator has the form 

]Ri 2 (u - v) ■ Li(u + ,it_)L 2 (u+,i;-) = L 2 (v + , v-)Li(u + , u-) ■ M.i 2 (u - v). (2.3) 

It is useful to extract the operator of permutation P 12 

Pi2*(zi, z 2 ) = ®{z 2 , zi) ; *(zi, z 2 ) G C[zi, z 2 ] 

from the M-operator R 12 (w — v) = Pi 2 Mi 2 (m + , it_ \v+, w_) and write the defining equation for the 
M-operator (the check form of YB relation) 

]Ri 2 (u+, u-\v+, v~)Li(u+, u-)L 2 {v+, v-) = Li(v+, u_)L 2 («+, u_)Ri 2 (u+, u~\v+,v-). (2.4) 



Proposition 1 The defining system of equations \2-4\l for the operator M 12 is equivalent to the 
following system of equations JfliA \27[ \2i^ 

Ml2 • q z ^ +z ^ h = . R 12 (2.5) 

M12 • (sr • g^"--**) + • g ±(«++ z i a i)) = • g±(«— + • g±(»++*i»0) . R 12 (2.6) 

R 12 • (z! • [Z^x + U+ - U_) q • g±(*f+»*) + z 2 • [z 2 9 2 + W + - • g±(«— = 

= (zi ■ [Zidi +v+- V-] q ■ q±<-«++»°>) + 22 . [Z2 Q 2 + u+ _ . gift.—**)) . t 12 (2.7) 

We shall extensively use the following reduction to indicate a simple way how to derive the equa- 
tions H2.5fl ~ H2.7fl . Let us do the shift u + — > u + + A , u_ — + u_ + A , u + — > u + + A , u_ — * v_ + A in 
the defining equation. The M-operator is invariant under this shift and the L-operators transform 
in a simple way 

T r n / S7 A q X ( q"++^ A , 

L 1 ( U+ +A, U _+A) = ^ i . Mi+n+ _ n _ ]g Q J+^-rl o > 

t / u / S 2 \ q X ( q v ++ z ^ A , _ u 

L 2 (v++A,v_+A = r o i in + — 2 — f n i- - 22 2 +{<?^9 } 

v ' \ z 2 ■ \z 2 d 2 + v + - v-\ q J q-q- 1 \ q v - Z2 ° 2 ) L " J 

where the term {q \— * q^ 1 } is obtained from the second term by the substitution q i— ► q^ 1 so that 
it is proportional to q~ x . We obtain three sets of equations as the consequence of the defining 
equation. Matching coefficients in front of q 2X and q~ 2X we obtain the equation (f2.5fl . Matching 
coefficients in front of q x we derive (|2.6fl and l|2.7fl with sign plus and matching coefficients in front 
of q~ x we obtain the same equations (q i— > (? _1 ) with sign minus. It is possible to show that the 
system of equations l|2.5fl - (|2.7fl is equivalent to the initial defining system |19l 1271 12"5] . 



+ • 
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The general R-matrix can be represented as the product of the simple building blocks denoted 
by TZ^ . The main idea is very simple. The operator IRi 2 interchanges simultaneously u + with v+ 
and U- with V- in the product of two Lax-operators 

Ki 2 (u+, u-\v + , u_)Li(u + , U-)L 2 (v+, v-) = L 1 (v + ,v-)L 2 (u + ,U-)'Ri,2(u+,u-\v + ,V-). (2.8) 

Let us perform this operation in two steps. In the first step we interchange the parameters u_ 
with u_ only. The parameters u+ and v+ remain the same. In this way one obtains the natural 
defining equation for the operator TlT . In the case when u_ = t;_ = v there is no interchange of 
parameters so that it is natural to expect that the operator TV[ 2 {u + , u_ is reduced to the unit 
operator TV[ 2 {u + , v\v) = 1. 

Proposition 2 There exists the operator TZ^[ 2 which is the solution of the defining equations 

TZ^ 2 Li(u + , it_)L 2 (v+ , v-) = Li(u + , v-)L 2 (v + , u-)Tli 2 (2.9) 

TZ^ 2 = 7V[ 2 {u+, u-\v-) ; lZ~^ 2 {u+, u-\v-) = 1Z^ 2 (u + + A, it_ + A|i>_ + A) 
The defining system is equivalent to the system 

ft" • g*ift+»* = q ^+z 2 d 2 . . ^ . Z2 = Z2 . n - 2 (2.10) 

K u ■ (Sr • q ±(v — Z2d2) + • g±(«++*i0i^ = (s- . g±(«— »*) + g- . q ±(u++z 1 d 1 )^ . ^- ( 2 U ) 



K- 12 ■ (zi • Mi +u+- uJ\ q ■ q Mv++z2d 2 ) + Z2 . ^ + v+ _ v _^ . g ±(«_-, lft )^ 
«i ■ [ztd! +u + - v.] q • q ±{v + +Z2d ^ + z 2 ■ [z 2 d 2 +v+- u_] q ■ q Mv-^)\ . n - 2 (2 12) 



These conditions fix the operator 1Z 12 up to overall normalization constant. Fixing the normalization 
in a such way that 1Z^ 2 : X 1 — >• 1 we obtain 

(2.13) 

where we use the operators forming a Weyl pair 

u 12 = ^ [1 - q- 2z ^} , Vl = q 2 ^ 1 ; u 12 • v x = q 2 ■ v x • u 12 (2.14) 

We use the standard q-exponential function e g (x) O E2 1331 021 123 ■ The definition and useful 
formulae with the function e q (x) are collected in Appendix. 

In the second step we interchange w + with w + but the parameters u_ and u_ remain the 
same. The defining equation for the operator 1Z + is 

TZf 2 ■ Li(u+,u_)L 2 (w + ,t)_) = Li(v + ,U-)L 2 (u+,V-) ■ TZf 2 ; Tlf 2 = TZf 2 (u + \v+,v-). 

In the case when u + = v + = u there should be the similar degeneracy 1Zf 2 (u\u 7 V-) = 1. 

Proposition 3 There exists the operator 1Z^ 2 which is the solution of the defining equations 

lli 2 Li(u + ,u-)L 2 (v + ,v-) = Li(v + ,u-)L 2 (u + ,v-)1li 2 (2-15) 

^12 =fci2( u +\ v +, v -) ! fcf 2 (u+\v+,v-) =Kt 2 (u + + \\v + + \,V- + X) 
The defining system $2.15\) is equivalent to the system 

. q z 1 d 1+Z2 d 2 = qZl d 1+ z 2 d 2 . ^+ . . Zl = Zl . k+ 2 (2.I6) 

^12 ' ( S r ' g ±(u — Z2 ° 2) + • g ±(«++*i90) = Ag- . g ±(«— + S - . g ±(*++*i9i)^ . ^+ (2.17) 



K+ 2 ■ (z! ■ [z 1 d 1 + u+ - u_] q ■ q Mv + +z 2 a 2 ) + Z2 . [z2 q 2 + v+ _ . ^(u-*^ = 

= (z! • [ Z1 &L +V+- U-\ ■ g±(«++**) + 2 2 . [z 2 d 2 + U+ - V-] q ■ g±(«— *90) . ft+ (2.18) 

These conditions fix the operator IZ^ up to overall normalization constant. Fixing the normalization 
in a such way that TZ\ 2 : 1 1 — »• 1 we obtain 



(2.19) 



Note that the defining equations for the operator TZ\ 2 can be obtained from the defining equa- 
tions for the operator 1Z^ 2 by simple change 

•21 ^ ^2 , u - *~* ~ v + ! u + — v - 

so that the pair of plus-equations transforms to the pair minus-equations and vice versa. The 
second Weyl pair is 

u a i = ^ [1 - q- 2z ^-} , v 2 = ; u 21 • v 2 = q 2 ■ v 2 • u 21 (2.20) 

Proposition 4 The operator IR can be factorized in the following way 
Mi2(u+, u- \v+, V-) — 1Z± 2 (u+ 1 v+, u-)1Zi 2 (u+, u_|u_) = 7£f 2 ( u -h u - l^-^m^+l^+i u -) (2-21) 

The factorization of the R-operator can be proven using simple pictures. The operator M 
interchanges all parameters in the product of two L-operators. The operator 1Z- interchanges the 
parameters u_ and v_ only and the operator 7Z+ interchanges the parameters u + and v+. Using 
the operator 1Z+1Z- it is possible to interchange parameters u+, i>+ and u_, v_ in two steps so that 
we obtain the first equality in Q2.21.jl as the condition of commutativity for the diagram 

h 1 (u + ,v^)h 2 (v + ,u-) 
TV[ 2 {u + , u_ |u_) / ^\ TZ^ 2 (u + \v + , U-) 




Li(w + ,u_)L 2 (u+,w-) ' — x Li(w + ,u_)L 2 (w+,u_) 

;.(u + ,u_|u + ,t>_) 



It is possible to exchange the parameters in the opposite order and derive in a such way the 
second equality in (|2.21|) . 

By definition 1Z^ 2 acts on the list of parameters involved its defining RLL relation (|2.9|l as 

(u+,U-,V+,V-) -> (u + ,v-,v+,u-) (2.22) 

which is equivalent to the following change in terms of original spectral and representation param- 
eters, 

u — v 

[u,h,v,e 2 }^[u-tii + ^v + th-H s = — g — • ( 2 - 23 ) 

On the other hand, as it was discussed in the proof above, this defining relation allows for an extra 
shift of v + by /j: v + — > v + + jj, beyond the global shift of u±,v±. The ^-translation symmetry is 
equivalent to the commutativity 7li 2 z 2 = z 2 VJ{ 2 . Choosing now the particular shift fi = u + — v+, 
the parameter changing action Ij2.22jl becomes instead 

(u+,U-,u + ,V-) ->■ (u + ,v_,u + ,u-) (2.24) 
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The RLL relation with these parameters in the Lax matrices is just the one for the full M. opera- 
tor (|2.8|) and this confirms just that 

TZi 2 (u + , u-\v~) = Ri 2 (u+, u-, u+, V-) (2.25) 

and shows also that the known eigenvalue relations for R 12 imply the eigenvalue relations for TZ^ 2 ■ 
The former are |27| 

/ 11 — y n — y 

M.i lt i 2 (u-v) ip n I zi,z 2 ;£i H —J<2~\ — 

zi,z 2 ;£ 2 —,tx — j (2.26) 

with the eigenfunctions 

n , 

Vn (z 1} Z 2 J l7 l 2 ) = TT (^+ fe - 1 Z X - g-^-fc+l Z2 ) = {-z^q-^-^ . 0„ £1|^ +i 2 



(2.27) 



\ / \ e 2 I SxJi+^+2n 



J \ z 2 In e q , f 



and the eigenvalues 



( o o \ TT [ u - v + h + £2 + k — l] q 

p(n;u-v ) £ u e 2 ) = \\ 7 e —„ — 7 — tt 1 - ( 2 - 28 

[v - u + «i + h + k - l\ q 

Let us rewrite these eigenvalue relations in terms of parameters u± and v± 

Next wc put v+ = u + and use the commutativity TV[ 2 z 2 = z 2 TZ^[ 2 to cancel the factor (— z 2 ) n . 

Proposition 5 Tfte following generalized eigenvalue relations hold with the Yang-Baxter factor 
^12 

K- 12 {u + ,U-\v-)K (-\u + ~ v\ = g»(*—> n i M+ ~""Tt~H 9 ^" f-K - ( 2 - 29 ) 

V^2 / [U+ - U- + k - l] q \Z2 J 



Now we are going to the proof of the Proposition 2. The defining system of equations 
for the Hr -operator can be reduced to the simpler system of equations (|2.1U|) - (|2.12|) similar the 
reduction for the Mi2-operator. Let us make the shift u+ — > u + + A , u_ — > u_ + A , v + — > 
t» + + A + fi , V- — > w_ + A in the defining equation (|2.9|l . 

There is one difference to the derivation in the case of operator M12: the shift of parameter v + is 
independent and due to the arbitrariness of [i we obtain the additional condition of commutativity 
7V[ 2 -z 2 = Z% ■ TZ^2 . It remains to solve the defining system of plus-equations i|2.1U[l - l|2.12ll and derive 
the explicit expression for the operator TV[ 2 . Using the commutation relations TZ^ 2 z 2 = z 2^-i2 an d 
Ti-i 2 q Zldl+Z2d2 = q Zl9l+Z2d2 lZi 2 it is possible to transform these two equations to the form 

-u+ Z 2 N _ „-2*i8il \ n 2z x d 



n^-[l-q v — u +j- [l-^ 2ziSl ]J -q 2zidl = h.-q"--«+j- [l - q~ 2zidl ] ) ■q 2zi9l -TZ u (2.30) 
= (zj [g^-"" - ^--"+-2^1] + z 2 ^--«-- 22:i91 ) • 7^ 2 (2.31) 



6 



Let us begin with the first equation and rewrite it in the compact form 

^r2 ' (1 - <T ~" + u) • v = (1 - q u - u +u) • v • TZ U 

We use notation 1)2. 14[) suppressing the subscripts at U42, vi during this proof. We substitute the 
operator TZ^ 2 as follows 

TZ U =a(u)-n- b 1 (u) . 
Then the equation (|2.30|1 has the form 

TZ-h- 1 (u) • (1 - q v -- u +u) ■ vb(u) = a" 1 (u) • (l - q u -- u +u) ■va(u)^ 

Next we move the operator v to the right using commutation relation uv = g 2 vu 

TZ ■ b 1 (u) • (1 - q v -- u +u) ■ h (q- 2 u) • v = a" 1 (u) • (1 - q u -- u +u) • a (q- 2 u) -v-TZ 



If we choose the functions a(u) and b(u) obeying the natural recurrence relations 

a -1 (u) (1 - q u -- u +u) a(q- 2 u) = 1 ^==> a(q 2 u) = (1 - q u — u + +2 u) • a(u) (2.32) 

b _1 (u) (1 - q v -- u+ u) b(q- 2 u) = 1 b(q 2 u) = (1 - q v — "+ +2 u) • b(u) (2.33) 

then the equation for the operator TZ reduces to the simple commutativity condition TZ ■ v = v • TZ. 
The solutions of the recurrence relations are 

a(u) = e q2 (q u - u ++ 2 u) ■ b(u) = e q2 (<f--"++ 2 u) 

The second equation l|2.31|l in terms of operator TZ has the form 



TZ-b-\u)- (z! [q u +- u - -q 



U— — U-L —2^i0i 



= a- 1 (u)-(z 1 
Both sides contain expression of the type 



V- —it.). — 1z\d\ 1 



+ z 2 q u -- v -- 2zidl ) -b(u) = 
z 2 <f-~ n -~ 2zi91 ) -a(u) - ft. 



(2.34) 



a+2£2 ^ _ ^-2 Zl ai^ 



Zl 



which can be transformed to the much simpler form. We obtain the factorization 



(2.35) 



Zl 









= e q 2 













_ (? «+2f2^_2z 1 1 



using the general formula (see Appendix) 

e q 2 (U + V) = e q 2 (V) • e q2 (U) ; UV = q 2 ■ VU; U 



„a+2 , f2 _ -2zi9i . y _ q a+2 _ f2 



Zl 



Zl 



and then it is possible to transform (|2.35|) in two steps. First we have 



?a+ 2f2 
Zl 



■ (zi [qP - q-P-^] + z 2 q- a 'f J - 2 ^) ■ e q 2 



Zl 



Zi ■ q 



_ n -P 



q~V (zi - z 2 ■ q- a ) ■ 



~q a + 2 ^' 




'q a+2 ^-q 2 




■ e q 2 




Zl_ 







■ q 



-2zi9i 



zi ■ <f - q-P ■ (zi - z 2 ■ q- a ) 



Zl 



and in the next step we transform in a similar way the rest part 



zi 



zi ■ q 



P 



1 ■{zi~z 2 -q- a )[l-q a+2Z j-Yq- 2 --'> 



Zl 



Z\ 

+z 2 (q a+P - q-"-* 3 ) q- 2zidl + z 2 q a ^ (q- 2 ' 2 ^ - q 2 ~ 2 *^ - q~^) 

After substitution of the particular expressions for the parameters a and f3 it appears that the 
expression in the last line is the same for the left and right hand sides of the equation l|2.34|l . Due 
to the commutation relations [71, g _2z i a i] = [JZ, z 2 ] = it is possible to cancel these terms and we 
obtain 

1Z-{ Ziq U+ ~ U - (1 - g 2«_-2n + -2z 1 S 1 j _ ? 2+«_-u+£2 fa _ (? 2+2m_ -2u+ -2*i Si j fa _ q -2 Zl d!^ q -2z 1 d 1 

Ziq U+ ~ V ~ (l - q 2v -- 2u +- 2z ^ d ^ - q 2 + u -~ u +El (l _ q 2+2v--2u + -2z 1 d 1 j ^ _ ( ^2z l d 1 ^ ^-2^i0i \_ ^ 

Since z 2 commutes with TZ this condition implies two relations , which however turn out to be 
equivalent to 

K ■ Zl q u +- U - (1 - q 2u - -2«M-2*l«l) _ Zl q u +- V - (1 - g2«— 2«M-3*i9l) . ^ 

The solution can be represented in the form 7?. = 7£(v) where v = q 2zidl and we obtain the 
recurrence relation 



K(q 2 v) - q v - ^5 ^— • ft(v) 

The solution is 



e 9 2 (g 2u +- 2tl -) <>--*- e 9 2 (g 2u ^ 



ft(v) = -^44 ^4 • v— 



e ?2 (g 2 «+~ 2 '"-) e q 2 (q 2u +- 2u -v) 

where we fix the initial condition as follows 7Z(1) = 1. 

Collecting everything together one obtains the expression for the operator 7Zi 2 in the form l|2.13[l . 

In the above proof we have used the conditions l|2.1U[l - i|2.12|l with the upper sign plus only. The 
corresponding conditions with the lower sign minus are obtained by the exchange q i— > q . In the 
Appendix we proof that the result (|2.13[) can be written more compactly. 



Proposition 6 The above operator result 12.1!1\) can be written compactly 



as 



^2 = XX^-A '^ 1 (« 2 " + ^-^ + 5" + -"-u 1 2)-vr^-e g = (fl^-^-vi +q—~ u 12 ) 



(2.36) 

e 2 l a 2 V--2u + +2\ 



•e„2 



(g 2 «- 2 «++ 2 V x + + + 2 U 12 ).V— -e"/ ( 9 2,_-2 U++ 2 Vi + ?u _- u++ 2 Ui2 ) 



e 9 2 (g2«--2«++2) 9 V * * l 

(2.37) 

Here vi and U12 are obtained from vi , U12 (|2.14(l by replacing q i— > g -1 . These expressions show 
the invariance of 7£ _ under q i— > </ _1 expected from the defining conditions 

Using this compact operator representation it is instructive to redcrive the result on cigenfunc- 
tions in Proposition 5 by calculating directly the action of TV[ 2 on functions of the above type 

HI) . 

The operator arguments of the functions e q 2 in l|2.36|l are 

A{(3) = q^wt + /u 12 = g 2 ^+ 2 * 191 + q^ (l - q 2z ^) (2.38) 

z\ 

with P substituted by u + — t>_ or u + — it_. We have 

Z2 J ^(f^) \ Z2 J 1 ~t qP V Z2 



8 



.It {)..,„ ( ||/3 



22 



z\ , 



22 



0„ ( -|/3) ( --g 2 |/3 



i'2 



1 zi /3+2n 

Zl 



1 - 



1 _ 21 „0+2n 

22 ^ 



2/3+2n 



1- fig/3 

Therefore we have the eigenvalue relation for all n, 

A(/3)0 n (gl/?)=? 2n+2/ Vn ^ 

This implies for lfOH|l 



Z-2 



1 2 \f3 



n~ = 



the eigenvalue relation 



7? . >„ ( -i|u+ - v_ | = 



e ? 2 ( g 2« + -2«_) G(?2 ^2„+2( tl+ -,_)^ 



e g 2 (g 2 u + -2i,_) e g 2 (g2n+2(u + -«_)) 



'„ I — \u+ - U- 

Z2 



(2.39) 



(2.40) 



(2.41) 



Finally it is easy to check the coincidence of the eigenvalues in (|2.29|l and l|2.41|l . 

The compact form of TlT given in Proposition 6 is the direct q-deformed analogon of the 
corresponding result obtained in |25j for the undeformed case. The analogy is also evident in the 
expressions for the eigenvalues and the eigenfunctions The limit q — > 1, discussed shortly in 
the Appendix, is 

r(u+ -u-) r(zi2<9i + u+ -v-) 



XXX 



r(u + — V-) r(zi 2 3i + u + — u-) 



3 Q-operators for the generic periodic XXZ spin chain. 

The next natural step it to use the general operator M 12 (it + , it_|v + , i>_) as building block in 
construction of Baxter Q-operators. In the case of the generic inhomogeneous periodic XXZ spin 
chain the transfer matrix t(u) is constructed as follows 



t(u) = trLi(u + <5i) • L 1 (u + S 2 ) ■ ■ ■ L n (u + Sn) ; L k (u + 5k) 



[u + 4 + S fe ] 



[u + 5 k - S k 



The most general transfer matrix Q(w, £o) is constructed in a similar manner from the Yang Baxter 
operators Mfco 

Q(u,£ )=tr Vo R 10 (u + 6 1 )R 20 (u + 5 2 )---R N0 (u + 5 N ) (3.1) 

The operator Q(u,£q) depends on two parameters: the spectral parameter u and the spin in the 
auxiliary space Vo = V£ . It is useful to change to other parameters u\ = 1 + u — £q and u 2 — u + £q 
such that Q(u,^o) = Q(wi|w2)-The explicit expression for the operator Rko is 



lko(u + S k ) =Pfco • 



e q 2 [q 



-2u-28 k +2l k +2l ^ 



■e q2 (q 2+ ^-^Uo k )-v 



e q 2 (g2u+2<5 fc +2£ fe +2£ ) 

e ? 2 (q 4 ^v ) 



3 9 2 (q 2 2lk u m ) • v 



'*-*o-"-' k e q 2 ( q 2u+26 k +2l k +2lo v ^ _ i 



e q 2 (q Uk v k ) 



7 (« 



2-u-b k -i 



k -l k -lQ 



where 



u Qk = [1 - q-^] , v = q 2 ^o . UfeQ = fl [! _ , Vfc = q ^ k 

zo z k 
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It is natural to simplify the notations: we omit the local parameters £ k , S k in the chain and display 
the global parameters u\ = 1 + it — Iq and u 2 = u + £-0 only 

R fc oKi M2 )=p fco - ;^ g2M2+2W) j - 

■ e q2 (^ Ufe0 ) ■ vf^ • ^9^T^ ■ ^ ^^"^ • (3 - 2) 

In our context we define the Baxter operators Q(ui|w 2 ) as operators acting in ® k=1 Vi k with 
the basic properties 

• commutativity 

Q(iti|u 2 ) • Q{yt\v 2 ) = Q(vi\v 2 ) ■ Q(uiK) ; QKK) • t(v) = t(v) ■ Q(ui|u 2 ) (3.3) 

• Baxter relation with respect to u 2 

Q(ui|u)-t(u) = A+(«)Q(iti|u+l)+A_(u)Q(iti|u-l) ; A±(w) = [u+8 1 ±£x] q • • ■ [u+6 N ±£ N ] q 

(3.4) 

• Baxter relation with respect to U\ 

t(«) • Q(«|u a ) = A+ S"7 1)A ~ (m) Q(m - 1|«2) + A_(«)Q(« + l|« a ) (3.5) 
A_(u — 1) 

These properties allow to consider the operators Q(wi|w 2 ) as two-parametric Baxter Q-operators 

una. 

Theorem The generalized transfer matrices Q(u;^o) ^.1)) of the generic periodic XXZ chain 
are Baxter operators Q(ui|u 2 ) in the sense of the above definition with u\ = 1 + u — £q 
and U2 = u + £0. 

The commutativity [Q(ui |u 2 ), Q(«i |u 2 )] = follows from the Yang-Baxter equation for the 
general R-matrix 

Rw(u - u)R feo («)R fe o'(v) - K fc0 '(«)Kko(")Koo'(w - v) 

where Vo = Ve and Vc = , are two auxiliary spaces and V k = Vi k is the k-th quantum space. 

The commutativity [Q(Mi|it 2 ),t(u)] = follows from the special case of the general Yang-Baxter 
relation 

R k0 (u - v)L k (u)L (v) = L (v)L k (u)R ko (u - v). 

All these formulae are standard and well known. The really nontrivial part of the proof is the 
derivation of the Baxter relations. It is the consequence of the important properties of the 72- 
operators - the following triangularity relations. 

Proposition 7 The following triangularity relations hold for the operators 72j~ 2 (it+, it_|0) and 
K+(u + |l,u_) 

M^ 1 • K~ 2 (u + ,U-\0) • Li (u + ,u_) ■ M 2 = (3.6) 
= ( [u+] q ■ K-12 (u+ + l,u- + 1|0) -7L{ 2 (u+,U-\0) j^[zidi] q 

[U-]g -Ky % (lt+ - 1, 1t_ - 1|0) 

MJ" 1 ■L 2 (u + ,U-) .72+ («+|l,«_) -M 2 = (3.7) 
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[u_] g .^ 2 («+ + l|l,«_ + l) I ' 



wh 



ere 



e q z(q^^-) ,„ ++2 „ v e g2 ( 9 2 "+ Vl ) 



^(m-,^io) = (g2M+) - • ( ? —— u 12) . vr - ■ e ;^- 2u ;; l} • v 1 



1 



We prove the triangularity relation for the operator TZ^ 2 an d the proof for the operator 1Zf 2 is 
very similar. We start directly from the defining equation 1)2. 9|) . Using factorization (|2.2(l of the 
Lax operator and commutativity of TZ X2 and z 2 the defining equation for the 'fc^-operator can be 
represented in the form 



TZ 12 Li(u+,U-) 



1 1 \ f q Z2d2 \ _ / 1 1 

z 2 ■ q- v - z 2 -q»- ){ q- zA ) ~ { z 1 ■ q~ v ~ z x ■ q v 



q Zldl \ f q u+ \ { 1 1 \ f <l Z2d2 



q- z ^ ) \ -q- u + ^ J \ z 2 ■ q~ u - z 2 ■ q u ~ j \ q~ z ^ 
Next we transform all this in the following simple way 



- Zl i ) km*+>»-) ( I J 



i i 

z x ■ (q- v ~ - 1) z x ■ (q v ~ - 1) 



1 1 A / fl* 2 * \ / (T^ 2 \ / q~ v ~ - 1 ~ 



qZidi 







q u + 





q-zidi 


)( 


-q- u + 




° 




-v- _ i 





q Z2d 2 J \ 




-q- v - 



1 Z1 



z 2 ■ q- u - z 2 -q u - ) \ q- Z2d2 ) ' ' \^ <f 2 ° 2 J \ 1 - g""- £ 

It is evident from this expression that matrix element in the second row and first column is 
~ (1 — q v ~) so that in the limit v_ — we obtain the upper triangular matrix. To be sure, the 
explicit calculations leads to the following expression for this matrix element A 2 i 

A 2a =(l-q v -)- [z 1 n- 2 (q u +- v - +Zldl - Z2 7e- + 

and indeed we obtain zero at the point V- = 0. The explicit calculation of the matrix elements 
An, A12 and A 22 at the point v- = gives the expression 1)3. 6|1 . From the triangularity relations 
for the ^-operators immediately follow two triangularity relations for the general operator IRi 2 . 

Proposition 8 The following triangularity relations for the operator Mi 2 (u +1 w_ \v+, W_) hold 

M 2 X • Ri 2 (u + ,u_|w + ,0) • Li (u+,u_) • M 2 = (3.8) 

[tt + ] g • TZ 12 (u + + 1, u_ + + 1, 0) * * * 



[«_],- R 1 2(u + -l J tt_-l|t; + - 1,0) 

M^ 1 • Li («+,«_) • Ria (tt+,t*_|l, «_) • M 2 = (3.9) 



u_-Ri 2 (u+ + l,tt_ + l|l,u_ + l) 
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The relation (|3.8[) is obtained from the relation l|3.6|l simply by multiplying with the operator 
I D i2'^i2( M +|' LI +) u~) from the left and using the expression (|2.21|l for the operator R12. The operator 
1Z + plays a passive role in this first relation. The relation l|3.9fl is obtained from the relation (|3.7|l 
simply by multiplying with the operator P12 from the left and with the operator 1Zi 2 (u + , u_|t>_) 
from the right and using the expression 12.21|) for the operator IR12. Now the operator TZ" plays 
a passive role. 

Let us go to the proof of the Baxter relation 

Q(wi|u)-t(u) = A+(m)Q(ui|u+1) + A_(-u)Q(mi|-u-1) ; A±(u) = [u + 8t ±t{[ q ■ • ■ [u + S N ±i N ] q 

It is the direct consequence of the triangularity relation 1)3.8(1 and cyclicity of the trace. Let us 
choose the first space in (|3.8[1 as k-th quantum space and the second space as the auxiliary space. 
We have in useful notations 

M/.Rfco ( Ul -vu -L fe (u + S k -M = 1 klq fcUV n 1 1 r -i IB / i ., 

V [U k \q ■ K k0 {ui -V\U- 1) ) 

Multiplying these equalities for k = 1,2, ■■■N , taking the traces in auxiliary spaces C 2 and Vo 
and using the cyclicity of the trace one obtains the equation 

Q(wi - v\u) ■ t(u) = A + (it)Q(ui - v\u + 1) + A_(u)Q(ui - v\u - 1) 

The parameter u\ is arbitrary so that we obtain the needed relation. The Baxter relation with 
respect to parameter ui follows from the triangularity relation l|3.9[) and the derivation is very 
similar. 



4 Q-operators for the homogeneous periodic XXZ spin chain 

The operator Mfco(ui \u-i) l|3.2[) has two points of degeneracy: u\ = 1 — 5k — £k and 1*2 = £k — 5^. In 
the case of homogeneous spin chain: 5k = and £k — £, the degeneration points for all operators 
IR/cO coincide so that it is possible to remove half of the ^-operators in the two-parametric operator 

Q(mi|u 2 ) = tr Vo Mio(ui|u2)I8L2o(ui|u2) • ■ • MatoCuiK) 

We obtain the following reductions of the two-parametric Q-operator: at the first point of degen- 
eracy U\ = 1 — I 

Q_(u) = Q(l - l\u) = tr Vo Pio^roK, «-|0) • Pao^(« +) u_|0) • • • F N0 n m (u+, |0) 
ip- in, n, ln^ — e <? 2 (g 4£ ) („i-it„ \ '-^ e i 2 (g 2 " +2 ^ v fc) _i ( o-u-e„ \ 

K kQ {U+,U-\0) - ^ (g2 n+2£) ' <V W U W ' V k ' (g4 £ Vfc ) ' <V l« Ufe0 ) 

and at the second point of degeneracy 112 = £ 

Q+(u) = Q(u|*) - tr Vo Pio^ (u+|l, u_) • P2o^ 2 f (u+|l, u_) • • •Pjvo^oC'hI 1 . u -) 



/_2+2^-2u\ i_/-u c > f« 4£ ir "\ 

^oKii, «-) = j • ^ (^ +i -v ofc) . V2 — - . eg2 e ( ; 2 ^- 2 : Vo) • v 1 (. 2 -"u 0fe ) 



As the direct consequence of the equations for the general two-parametric operator Q(ui|u2) 
we immediately derive the following properties of the operators Q+(u) and Q_(u) 

Proposition 9 For the homogeneous periodic XXZ chain the reductions Q + (u) and Q_(w) arising 
from the Baxter operators Q(ui|u2) at the points of degeneracy (iti|it2) = (1 — £\u) and (u\\u2) = 
(u\£) obey the following relations: 

• commutativity 

Q±(u)-Q±(») = Q±(w)-Q±(«) ; Q+(«)-Q_(«) = Q_(«).Q+(u) ; Q±(u)-t(v) = t(«).Q±(u) 

(4.1) 
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• Baxter relation for the Q_(u) 

Q_(u)-t(u) = A+(u)Q_(u + l) + A_(u)Q_(u-l) ; A±(u) = [u±<]* (4.2) 

• Baxter relation for the Q + (u) 

t(u) • Q+(«) = A+ a 7 1)A i ; H Q+(" - 1) + A_( U )Q + (« + 1). (4.3) 

We construct the Q±-operator as the trace of the products ofH operators in auxiliary space Vq. 
The whole construction is pure algebraic. In this Section we shall derive the explicit formulae for 
the action of the operator Q_ in the space of polynomials. The explicit expression for the second 
operator Q+ is more complicated and we shall not consider it here. 

Proposition 10 The action of the operator Q_(u) on a polynomials (z\ ■ ■ ■ zn) can be represented 
in the following form 

[Q_(u)*] (zi, ■■■z N ) = nain 12 n 2 3 ■ ■ ■ n N - hN s(z a , z u ■ ■ ■ z n ^)\ zo=zn (4.4) 

where 



«V (g 4 ') p /„2-2/ \ v ^ V (q 2u+2 W) -i (n 2-u- 



v k — q , Uk.k+i — u — q 

Zk 

Let Zq be the variable in the auxiliary space Vq and let the operator A act in the tensor product 
Vo <S> Vi • • ■ ® Vat and 9(zx ■ ■ ■ Zn) G Vi • • • <8 Vjv- The trace of the operator A in auxiliary space 
Vo = C[zq] can be calculated as follows 



[(tr Vo A) *] ( Z f- z N ) = J2 ^ d o A ■ z o l ■ • ' ' z n) 



m=0 



In order to prove Q4.4JI it is useful to move all permutations to the right 

PioT^ioI^oT^o • • • ^nqTZno — 7?oi 7^127^23 • • ■ T^n-im ■ P10P20 ■ ■ ■ P/vo- 
Then we have 

n m K 12 K 2 3 ■ ■ ■ Hjf-l.N ■ P10P20 • • ■ PiVO • Zq • * (*1 ■ • ■ Z N ) = 

= TZoi1Zi2ll23 ■ ■ ■ Un-i,n ■ zn ' *( z o, %\ ■ ■ ■ z N -i) = ^^01^12^23 • ■ ■ Un-i,n^{zo, Zi • • ■ z N -i)- 
The result of the operation X)m=o ^T^o" can be calculated in closed form 

1*0=0 



+00 j 

Q («)*] («!••■ 2;v) = V — ^01^12 • • ■ ^JV-l.tf* fo, *1 • • • *JV-l) 



m 

m— 



e ZN 7£oift-12ft-23 • ■ • 72.iV-l,iV*(20, 21 • • ■ ZjV-l)| Zo=0 = ^01^12^23 ■ ■ • ^jV-l,iV*(20, Zi • ■ • Z W -1 



and we obtain the representation 14.41) . 
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5 Discussion 



We have presented a factorization of the R operator acting on generic representations of the q- 
dcformed sl(2) algebra in close analogy to the undeformed case studied earlier. 

Starting from the Lax matrix with the q-deformed generators represented as functions of the 
Heisenberg pair of operators z, d, the factors IZ^ have been derived in terms of functions of these 
basic operators. The defining RLL relation for the factors can be treated easier compared to the 
ones for the full operators R. 

The basis of eigenfunctions of the R matrix factors TZ^ has been derived both by relating the 
eigenvalue problems to the one of the full operator R and by direct calculations. 

The central results concern the construction of Baxter operators Q as generalized transfer 
matrices. The latter are defined by the generic R operators replacing the Lax matrices. The explicit 
form of the operators R in terms of their factors derived here allows for explicit representations 
of the Baxter operators and the proof of the Baxter relations. Triangularity properties based on 
the factorization of the Lax matrix separating contributions involving the operators z and d from 
each other turn out to be the origin of the Baxter relations. 

The results concern the case of periodic chains of XXZ type. We do not expect difficulties in 
extensions to open chains. 

The special case of homogeneous periodic chains is of particular interest. Here among the 
Baxter operators the particular one where the representation parameter of the auxiliary and the 
quantum spaces coincide (£q = ^) is distinguished; the nearest-neighbour interaction hamiltonian 
can be constructed using this Q-operator. 

Here other distinguished parameter values for Baxter operators have been discussed, where 
the expressions as generalized transfer matrices reduce to traces of the factor operators TZ^ . The 
commutativity properties of the resulting Baxter operators Q± have been given. We have presented 
the explicit operator expression for Q_ and its action on polynomial functions representing the 
quantum states of the chain. 
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6 Appendix 

6.1 The q-exponential function e q (x) 

In this Appendix we collect some useful formulae 1321 1331 1341 155] . The standard q- products are 




{x; <?)oo 



{x;q)oo = Y[(l-q k -x) ; (x;q) n = J[ (1 - q k ■ x) 



{xq n ;q) 



; qeC , \q\ < 1 




The q-exponential function e q {x) is defined as follows 



e q (x) 



1 



; e q (qx) = (1 - x) ■ e q (x). 



{x;q) 



OO 



The q-binomial formula 




oo 
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allows to derive two expansion formulas 



+oc T " +°° r IK^t" 



It is clear from these formulae that we can define a unique extension of the function e q (x) 

e q -i(x) = e^iqx) 

so that the recurrence relation e q (qx) — (1 — x) ■ e q (x) still holds in large domain \q\ 1 . 
There are important formulae involving the Weyl pair uv = q ■ vu |32| 

e <?( v ) • e <?( u ) = e g( u + v ) 
e q (u) ■ e,(v) = e,(u + v - vu) = e,(v) • e,(-vu) • e,(u) = 
= e 9 (v - vu) • e,(u) = e 9 (v) • e q (u - vu) 

6.2 Different representations for the operator 7V[ 2 

Let us introduce two Weyl pairs of operators which are connected by the change q i— > q^ 1 

U = h _ g-3*l«Ll v = g 2 Zl9l ; U . V = g2 . v . u 

Q = [1 - g 2*i«L] ; v = q- 2zidl ; U • V = q- 2 ■ v • U 

There is the first pair of equivalent expressions for the operator 1Zi 2 



12 e,j2 ( 9 2u +- 2 '"-) 9 vy ; e q 2 (g 2 «+- 2 «-v) 9 " V 7 

= ^IfZ-I'l -V 1 ^ v « „). v — -cy (, 2 — v + 9 - + -»- u) (6.1) 

The first expression is the one obtained in the above proof of (|2.13l) . To derive the second expression 
from the first one we transform the product e q 2 (q u - ~ n++2 u) ■ e^ 1 (g 2 "+ _2u -v) using the general 
formula 

e q 2 (u) e q 2 (v) = e q 2 (v — vu) e q 2 (u) ; uu = fvu 

in the equivalent form 

e q 2 (u) e^ 1 (v) = e^ 1 (v - vu) e q 2 (u) 

It is clear that operators Ai • u and A2 ■ v also form Weyl pair so that these general formulae are 
applicable. Using this formula and equality — q 2u +~ 2u - \- ■ q u -- u ++ 2 u = q u +~ u ~u we derive 

e q 2 (q u - u ++ 2 u) ■ e", 1 (q 2u +- 2u -v) = e^ 1 (q 2u +- 2u -v + q u +- u -u) ■ e q 2 (q u — u ++ 2 u) 

The second product e q 2 (q 2u +~ 2v -v) -e~2 (q v -~ u++2 u) in the initial expression for 1Z^ 2 is obtained 
from the first one by inverse and change U- 1— > u_ so that we have 

e q 2 (q 2u +- 2v -v) ■ e^ 1 (q v -~ u + +2 u) = e^ 1 (q v -- u + +2 u) e q2 (q 2u +~ 2v -v + q u +- v -u) 

Finally two terms cancel each other 



e q 2 (q u — u + +2 u) • v-^— • e", 1 (q v — u + +2 u) = w~ 
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and we derive the second relation. There is the second pair of equivalent expressions for the 
operator TV{ 2 

e 2 ( a 2v--2u++2\ u _ v I 2u_-2«++2^ 

ft£,(u + ,u_|v_) - (^+-"-u)-v-^— , ^ } -e q z (q^-u) = 



e 2 f 2 t ,_-2« + +2^ u _„ 

— +57 ' e * (<7 2 "- 2tI++2 v + q u - u++2 u) -v-^— -e-, 1 (g 2 — 2 «++ 2 v + " ^' 



(6.2) 

e, 2 (g2«— 2« + +2) >" ■ ■' ' — ' ' ' " U) 

(6.3) 

The equation (|6.3II is derived from the equation (|6.2() in the similar way as it was done for the first 
pair. To derive the equation (|6.2I) we start from expression 

U- 12 (u + ,uAv-) ~ e 9 2 ++ 2 u) • • g • e-2 1 + +2 u) 

and transform it using the relation 

e q 2 (u) e q 2 (v) = e ? 2 (v) e q 2 (— vu) e ? 2 (u) ; uv = g 2 vu 

in equivalent form 

e q 2 (u) e^ 1 (v) = e^ 1 (-vu) e^ 1 (v) e q 2 (u) 
Using -q 2u +- 2u -v ■ q u -~ u++2 u = q u +~ u ~u we have 



e q 2 («?"— u ++ 2 u) e^ 1 ( 9 2il +- 2il -v) = e-, 1 (<f +-"- U ) e", 1 (q 2u +- 2u -y) e q 2 («?«— «++ 2 u) 
and by inverse and change tt_ i— > u_ we derive 

e 9 2 (g 2 "+- 2 - v) e", 1 (<f-«++ 2 u) = e", 1 + +2 u) e g2 (g 2 ^- 2 "- v) e q 2 (q^-+ 2 u] 



Again two term cancel each other 

e 9 2 ( g "-- u ++ 2 u) • ■ e-? 1 (q v — 

and one obtains the expression 

e-, 1 (g" + -"-u) e', 1 ( g 2 " + - 2 "-v) v^"e g 2 ( g 2 "+- 2 "- v ) e g 2 (<f+— + 2 u) . 

On the last step we transform the marked expression to the form 

e 9 2 ( <z 2 "+- 2 «-v) e g 2 (g 2lI +- 2 "-) «— e 9 2 ( <z 2 "-- 2ll ++ 2 v) e ? 2 (g 2 — 2 «++ 2 ) 



e g2 (g 2 «+- 2 «-v) e q 2 ( g 2« + -2„_) e?2 ( g2 »_-2 U+ +2v) Gg 2 ( g 2 «-- 2 «++ 2 ) 



(6.4) 



and derive the expression l|6.2[l . The equation l|6.4[) is obtained as follows. Both sides of this 
equation are solutions of the recurrence relation from the above proof of (|2.13l) 

Tl ■ Zl q u +- U - (1 - g 2n_-2«+-2 Zl 9^ _ Ziq u+-v- ^ _ q 2v—2u + -2ztd^ . n 
i _ 2ji + -2u -i _ _2u_-2'U + +2^ 

The solutions have the form 

VM = v — e q2 (g^-^-y) e q2 (q^-^-) ^ e q2 (g^-^y) e q 2 ( g 2^ ++2) 

1 ' e g 2 (q2«+-2«- v ) e<3 2 ( g 2u + -2*,_) ' V ' e?2 ( g 2«_-2 U+ +2v) ( g 2«_-2« + +2) 

and equal initial conditions 72.(1) = 1 so that they coincide. 
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6.3 The limit q — > 1 for the operators !Zf 2 
Now we are going to show that in the case q — > 1 the expression Ijti.lf) 

T?- _ *V (g 2 " + 2 "~) -1 f 2u+-2«_+2zi9i , m+-u_ z 2 2zi8i 

'^i2 — i in , _9„ \ e o 2 i " "r y i 1 y 

e,j2 (<^"+ zv - ) i \ zi 

_ q (v--u-)z 1 d 1 , e ^ ^2«+-2u_+2 2l ai + — (l - (J 22101 )^ 

reproduces the expression 

^_ _ r(« + - u_) r(zi 2 (9i + m + - 
12 ~ r(w+ - «_) r(zi 2 9i + u+ - «_) ' 

Using the definition of the function 

r = ( g ;g) 00 -(l-g) 1 -- = e 9 (g') • (1 - g) 1 ' 2 

9 {q z ;q)oo e q (q) 

and the well known fact that T q (z) ~> T(z) for q — > 1 we obtain the leading contribution for e — > 



ei_ e (l-e-a:) r(a;) 
ei-e(l-e-tf) 'r(y)' 

In the first order in e we have (g 2 — > 1 — e) 

g 2a - 1 - ea , g^a*^ + ^ (l _ ^i*) ^ i _ e ( fe + z ^) 

so that 

_^ ei- £ (1 - e(w + - -u.-)) ei_ e (1 - e (u + - m_ + gigftt)) r(u + - u_) T(zi 2 di + m + - f_) 
12 ei_ e (1 - e(u+ - «_)) ei_ e (l-e(u + -u_+^i 2 9i)) r(u+ - «_) r(zi 2 <9i + u + - u_) 

For the operator T?.^ all calculations are similar and in the limit q — > 1 one reproduces the 
expression 

,+ _ r(w + - «_) T(z 21 d 2 + u + - «_) 



7er, = 



r(u + - «_) r(z 2 i3 2 +«+ — ?;_) 
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